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(duality)
–

















2.1 ( ) $Aarrow B$ $B^{d}arrow A^{d}$ –
$LK$


















$\frac{A,\mathrm{F}\vdash B\Gamma\vdash A}{\frac{\Gamma\vdash A\Rightarrow B}{\Gamma\vdash B}}$
$arrow$ $\Gamma\vdash B::\pi_{1}[\pi_{2}]$










$\frac{A,C,\Gamma\vdash B}{A,\Gamma\vdash C\Rightarrow B}$
$\pi_{1}[\pi_{2}]$
$\frac{C,\Gamma^{-}\vdash B:_{\pi}}{\Gamma\vdash C\Rightarrow B}0[\pi_{2}]$
(c) \mbox{\boldmath $\pi$}
$||\pi_{11}$ :: $\pi_{12}$
$\frac{A,\Gamma\vdash C\Rightarrow BA,\Gamma\vdash C}{A,\Gamma\vdash B}$
$\pi_{1}[\pi_{2}]$
$\frac{\Gamma\vdash c^{:}\Rightarrow B\Gamma\vdash C:_{\pi_{11}[\pi_{2}]:}:}{\Gamma\vdash B}\pi_{12}[\pi_{2}]$
BHK ( )
1. $A$ $A4^{*}$ $(A\Rightarrow B)^{*}$ $A^{*}$ $B^{*}$
$[A^{*}arrow B^{*}]$





$a_{n}\in A_{n}^{*}$ $\pi^{*}(a_{1}, \ldots, a_{n})=a_{i}$ .
(b) \mbox{\boldmath $\pi$}
:: $\pi_{0}$
$\frac{A,r\vdash B}{\Gamma\vdash A\Rightarrow B}$
$\pi^{*}(a_{1}, \ldots, a_{n})=\lambda x.\pi_{0}^{*}(x, a_{1}, \ldots, a_{n})$ .
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(c) \mbox{\boldmath $\pi$} :: $\pi_{1}$ :: $\pi_{2}$
$\frac{\Gamma\vdash A\Rightarrow B\Gamma\vdash A}{\Gamma\vdash B}$
$\pi^{*}(a_{1}, \ldots, a_{n})=\pi_{1}^{*}(a_{1}, \ldots, a_{n})(\pi_{2}^{*}(a_{1}, \ldots, a_{n}))$ .




BHK – $(A\Rightarrow B)^{*}$
2(b) $a\in A^{*}$ \iota
$\pi_{0}^{*}(a, a_{1}, \ldots, a_{n})\in B^{*}$ $\lambda x.\pi_{0}^{*}(x, a_{1}, \ldots , a_{n})$ $(A\Rightarrow B)^{*}$
(some) (any)
?







2. $(A\Rightarrow B)^{*}$ $\pi$
$\pi^{*}$
$(A\Rightarrow B)^{*}$
3. $(A\Rightarrow B)^{*}$ $A^{*}$ $B^{*}$ ( )







$\pi_{1}$ $\pi_{2}$ $\vdash A$ $\pi$ (Lafont
$\mathrm{X}\backslash ]$ , Lafont’s critical pair) :
. $\pi_{1}$ :: $\pi_{2}$
$\frac{}\frac W\text{ }\frac{\vdash}{\sim 4A}\vdash A,A\vdash A}{\frac{\vdash AA}{\vdash}C\text{ }$
( Weakening-Contraction ) $\pi_{1}$ $\pi_{2}$
$LK$ ( )






























$\mathrm{C}$ LISP ) $M$ $f$ : $Narrow N$ $m\in N$
$n\in N$ $f$
( ) (oracle) (iteration)
IT
$(f, n)=f\circ\cdots\circ f(0)\vee n$
$\mathrm{N}$ [$\mathrm{N}arrow$ $M$
$F:[\mathrm{N}arrow$ $\mathrm{x}\mathrm{N}arrow \mathrm{N}$ :







– $\mathrm{n},’I(f, m)$ $n$ $f$
( $f$ ) $g$ $\lambda/I(g, m)=n$
$F:[\mathrm{N}-\Delta \mathrm{N}]\mathrm{x}\mathrm{N}arrow \mathrm{N}$ – $f\subseteq g$
$f$ $g$ $f\subseteq_{fin\mathit{9}}$ $f$ $g$ (
)
(finite call propaty): $f$ : $\mathrm{N}arrow \mathrm{N},$ $m\in \mathrm{N}$ $F(f, m)=n$
$g\subseteq_{fin}f$ $F(g, m)=n$ .
(monotonicity) : $f$ : $\mathrm{N}arrow \mathrm{N},$ $m\in \mathrm{N}$ $F(f, m)=n,$ $f\subseteq g$
$F(g, m)=n$.
$F$ : $[\mathrm{N}arrow \mathrm{N}]\cross \mathrm{N}$ $-\Delta$ $\mathrm{N}$ ( )
$\hat{F}$ : $[\mathrm{N}arrow \mathrm{N}]arrow[\mathrm{N}arrow$ – – ( (Currying) ) :
$\hat{F}(f)=\{(m, n)|F(f, m)=n\}$
$F$ :[N\rightarrow . $arrow[\mathrm{N}arrow$
(monotonicity) : $f\subseteq g$ $F(f)\subseteq F(g)$ .
(continuity) : $f= \bigcup_{i\in I}^{\dagger}g_{i}$ $p(f)= \bigcup_{i\in I}F(g_{i})$ .
$\{g:\}_{i\in I}$ (directed) $i,j\in I$ $k\in I$
$g_{i},$ $g_{j}\subseteq g_{k}$ (directed union) $\bigcup_{i\in I}^{\uparrow}g_{i}$ $\{\mathit{9}:\}_{i\in I}$
31 $F:[\mathrm{N}arrow$ $\cross \mathrm{N}arrow \mathrm{N}$
$\hat{F}$ : [$\mathrm{N}arrow$ $arrow[\mathrm{N}-\Delta$
F
$\hat{F}$
$f$ $\bigcup_{i\in I}^{\dagger}g_{i}$ $\bigcup_{i\in I}\hat{F}(g_{i})\subseteq$
$\hat{F}(f)$ $(m, n)\in\hat{F}(f)$ $F(f, m)=n$
$h\subseteq_{fin}f$ $F(h, m)=n$ $h$ $\bigcup_{i\in I}^{\dagger}g_{i}$
$g_{1},$ $\ldots,g_{k}$
$\bigcup_{1\in I}^{\dagger}.g_{i}$
$h\subseteq g\iota$ $\mathit{9}\mathrm{t}(l\in I)$ $F$ $F(g_{l}, m)=n$
$(m, n) \in\hat{F}(g\iota)\subseteq\bigcup_{i\in I}\hat{F}(g_{i})$
101
$\hat{F}$ . $F$
$f$ ; $\mathrm{N}arrow \mathrm{N}$ :
$f=\cup^{\uparrow}\{g|g\subseteq_{fin}f\}$ .
$F(f, m)=n$ $(m, n)\in\hat{F}(f)$ $\hat{F}$ $(m, n)\in\hat{F}(g)$








$k\in K\Leftrightarrow M(f, m)$ $f$ $k$
$K\subseteq \mathrm{N}$ –
:
$F$ :[$\mathrm{N}arrow$ $\cross \mathrm{N}arrow \mathrm{N}$
(definite call property) : $F(f, m)=n$ $g\subseteq f$ $F(g, m)=n$
$g$ –
(parallel-or)
$POR$ [$\mathrm{N}arrow$ $\cross \mathrm{N}arrow \mathrm{N}$




$POR$ $f$ $f(\mathrm{O})$ $f(1)$
– 1 1
$f$ $f(\mathrm{O})=f(1)=1$ $POR(f, m)=1$
$POR(g, m)=1$ $g\subseteq f$ \sim
$\{(0,1)\}\subseteq f$ $\{(1,1)\}\subseteq f$ $POR$
102
G. Berry [$\mathrm{N}arrow$ $arrow[\mathrm{N}arrow$
$F$
(stability) : $f$ $g$ (compatible, $f\cup \mathit{9}$




32 $F:[\mathrm{N}arrow \mathrm{N}]\cross \mathrm{N}arrow \mathrm{N}$





$\hat{F}(f\cap g)\subseteq\hat{F}(f)\cap\hat{F}(g)$ $(m, n)\in\hat{F}(f)\cap\hat{F}(g)$ $F(f, m)=n_{\text{ }}$
$F(g, m)=n$ $F(f\cup g, m)=n$ $h\subseteq f\cup g$
$F(h, m)=n$ – $h\subseteq f\cap g$ .
$F(f\cap g, m)=n_{\text{ }}$ $(m, n)\in\hat{F}(f\cap g)$
$F(f, m)\backslash =n$ $(m, n)\in\hat{F}(f)$ . $g\subseteq f$
$F(g, m)=n$ 9 $g_{1},$ $g_{2}$
$g_{1},$ $g_{2}$
$(m, n)\in\hat{F}(g_{1})\cap\hat{F}(g_{2})$ $(m, n)\in\hat{F}(g_{1}\cap g_{2})_{\text{ }}$
$F(g_{1}\cap g_{2}, m)=n$ . $g_{1},g_{2}$ $g_{1}=g_{1}\cap g_{2}=g_{2}$




3.3 ( ) $X=(|X|,\wedge.)$ (coherent space)
$\wedge$. $X$ (coherence) $a\subseteq X$ $X$ (
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$x,$ $y\in a$ $x^{\wedge}.y$ ) $a$ (clique) $a$
[$\mathrm{N}arrow$ $\mathrm{N}\cross \mathrm{N}$
:
$(m_{1}, n_{1})^{\wedge}$. $(m_{2}, n_{2})\Leftrightarrow m_{1}=m_{2}$ $n_{1}=n_{2}$
$N$
3.4 ( )
1. $\emptyset$ – $\emptyset$
$\mathrm{T}$
2. { $\bullet$ } }X $\emptyset$ { $\bullet$ }
$\perp$
3. $X=(|X|,\wedge.x),$ $\mathrm{Y}=(|\mathrm{Y}|, \wedge. Y)$ $X\ Y=$ ( $|X\ \mathrm{Y}|,$ $\wedge$.x&y)
$|X\ \mathrm{Y}|=|X|$ $|\mathrm{Y}|=\{(x, 1)|x\in|X|\}\cup\{(y, 2)|y\in|\mathrm{Y}|\}$
$(x, 1)\wedge.X\ Y(x’, 1)\Leftrightarrow x^{\wedge}.\mathrm{x}x’$
$(y, 2)^{\wedge}.$ x&Y $(y’, 2)\Leftrightarrow y^{\wedge}.\gamma y’$
$(x, 1)^{\wedge}.$ x&Y $(y, 2)$
X&Y $X$ $Y$ $\mathrm{T}$
3.5 $X,$ $\mathrm{Y}$
1. $a\subset X,$ $b$ $\mathrm{Y}$
$\langle a, b\rangle=\{(x, 1)|x\in a\}\cup\{(y, 2)|y\in b\}$
X&Y
2. $c$ X&Y
$p_{1}(c)=\{x|(x, 1)\in c\}$ , $p_{2}(c)=\{y|(y, 2)\in c\}$
$X,$ $\mathrm{Y}$
3. $p_{1}\langle a, b\rangle=a,$ $p_{2}\langle a, b\rangle=b,$ $\langle \mathrm{p}_{1}(c),p_{2}(c)\rangle=c$
4. X&T-\simeq X
X&Y $n$ $X_{1}$ $\ \cdots\ X_{n}$
$a_{1}\subset X_{1},$
$\ldots,$
$a_{n}\subset X_{n}$ $\langle a_{1}, \ldots, a_{n}\rangle\subset X_{1}$ $\ \cdots\ X_{n}$
$c\subset X_{1}$ & $\cdot$ , . $\ X_{n}$ $p_{i}(c)$ $X_{i}$
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–3.6 ( ) $X$ $Y$ (stable maP) $F$ $|X|$ $|Y|$
:
1. $a\subset X\Rightarrow F(a)\subset Y$ .
2. $a= \bigcup_{i\in I}^{\uparrow}b_{i}\subset X\Rightarrow F(a)=\bigcup_{i\in I}F(b_{i})$ .
3. $a\cup b\subset X\Rightarrow F(a\cap b)=F(a)\cap F(b)$.
$X$ $\mathrm{Y}$ Coh(X, Y)
Coh(X, Y) –
( – ) ( – )
37 $X,$ $Y$ $F$ $X$ $\mathrm{Y}$ $a\subset X$
$y\in F(a)$ $y\in F(a_{0})$ $a_{0}\subseteq_{fin}$ $a$
– ( $(a_{0}, y)$ $F$
(minimal data) )
38( ) $X=(|X|, \wedge.\mathrm{x}),$ $\mathrm{Y}=(|Y|, \wedge.Y)$ $X\Rightarrow \mathrm{Y}=$
$(|X\Rightarrow \mathrm{Y}|,\wedge.X\Rightarrow Y)$
$\bullet$ $|X\Rightarrow Y|=FClique(X)\cross|\mathrm{Y}|$ . FCl ue(X) $X$
$\bullet(a, x)^{\wedge}.\mathrm{x}\Rightarrow 1’\cdot(b, y)\Leftrightarrow$
(i) $a\cup b$ $X$ $X^{\wedge}.Yy$ .
(ii) $a\neq b$ $x\neq y$ .
Coh(X, $Y$ ) $X\Rightarrow \mathrm{Y}$ “ ” ( $X$ $\mathrm{Y}$
) –
39 $X,$ $Y$
1. $F\in \mathrm{C}\mathrm{o}\mathrm{h}(X, \mathrm{Y})$
$Tr(F)=$ { $(a,$ $y)|(a,$ $y)$ $F$ }
$X\Rightarrow \mathrm{Y}$ $F$ (trace)
2. $c\subset X\Rightarrow \mathrm{Y}$ $\mathrm{a}\subset X$
$\tilde{c}(a)=$ { $y|$ $a0\subseteq_{fin}$ $a$ $(a0,$ $y)\in C$}
$\tilde{c}\in \mathrm{C}\mathrm{o}\mathrm{h}(X, Y)$ .
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3. $T_{7}\cdot(F)=F,$ $Tr(\tilde{c})=c$
1. $Tr(F)$ $(a, x),$ $(b, y)\in Tr(F)$ $x\in$
$F(a),$ $y\in F(b)$ $a\cup b\subset X$ $F(a\cup b)$ $\mathrm{Y}$
$x,$ $y\in F(a\cup b)$ $x^{\wedge}.Yy$ $a\neq b$
$a\cap b\subseteq a,$ $b$ $F(a\cap b)=F(a)\cap F(b)$ $x=y$
$x\in F(a\cap b)$ $(a, x)$
2. $\tilde{c}(a)$ $Y$ $x,$ $y\in\tilde{c}(a\rangle$
$a_{0},$ $a_{1}\subseteq_{fin}$ $a$ $(a0, x),$ $(a_{1}, y)\in c$ $a_{0}\cup a_{1}$ $X$
$x^{\wedge}.\mathrm{Y}y$
$\tilde{c}$ $a= \bigcup_{i\in I}^{\dagger}b_{i}$ $\tilde{c}$
$\bigcup_{i\in I}\tilde{c}(b_{i})\subseteq\tilde{c}(a)$ $x\in\tilde{c}(a)$ ao $\subseteq_{f:n}$ $a$
$(a_{0}, x)\in c$ $\{b_{i}\}_{i\in I}$ $j\in I$ $a_{0}\subseteq b_{j}$ .
$x\in\tilde{c}(b_{j})$ $X \in\bigcup_{i\in I}\tilde{c}(b_{i})$
$\tilde{c}$ $a\cup b$ $X$ $\tilde{c}(a\cap b)\subseteq\overline{c}(a)$ $\tilde{c}(b)$
$x\in\tilde{c}(a)$ $\tilde{c}(b)$ $a_{0}\subseteq_{f^{1n}}$ a, $b_{0}\subseteq_{fin}b$ $(a0, x)\in c$,
$(b_{0}, x)\in c$ $a_{0}\cup b_{0}\subset X$ $X\Rightarrow Y$ $a_{0}=b_{0}$
$a_{0}\subseteq_{fin}a\cap b$ $(a_{0}, x)\in c$ $x\in\tilde{c}(a\cap b)$ .
3. $x\in F(a)$ 37 $a_{0}\subseteq_{fin}$ $a$ $x\in F(a_{0})$
$a_{0}$ $a_{0}$ $(a_{0}, x)\in Tr(F)$ . $x\in Tr(F)$ .
$x\in Tr(F)\Rightarrow x\in F(a)$
$(a, x)\in Tr(\tilde{c})$ $a$ $x\in\tilde{c}(a)$
$(a, x)\in c$ .
$\blacksquare$
– ‘ ” (adjunction)






1. $\alpha$ $a^{*}$ $A\Rightarrow B$
$(A\Rightarrow B)^{*}=A^{*}\Rightarrow B^{*}$










$\frac{A,\Gamma\vdash B}{\Gamma\vdash A\Rightarrow B}$
$\pi^{*}(\langle a_{1}, \ldots, a_{n}\rangle)=Tr(\lambda x.\pi_{0}^{*}(\langle x, a_{1}, \ldots, a_{n}\rangle)$
$\pi^{*}$ $\mathrm{C}\mathrm{o}\mathrm{h}$ ( $A_{1}^{*}$ $\ \cdots$ &A;, $A^{*}\Rightarrow B^{*}$ )
(c) \mbox{\boldmath $\pi$}
:: $\pi_{1}$ :: $\pi_{2}$
$\frac{\Gamma\vdash A\Rightarrow B\Gamma\vdash A}{\Gamma\vdash B}$
$\pi^{*}(\langle a_{1}, \ldots, a_{n}\rangle)=\pi_{1}^{*}(\langle a_{1}, \ldots a_{n}\rangle)(\pi_{2}^{*}(\langle a_{1}, \ldots, a_{n}\rangle))-$,
BHK 22
$A$ $A^{*}$
$A^{*},$ $B^{*}$ $(A\Rightarrow B)^{*}$
4 Est, est, est! –
4.1





$b$ $A$ $a\cup b\subset A$ $a\cup b$
$a+b$ $F,$ $G\in \mathrm{C}\mathrm{o}\mathrm{h}(A, B)$




2. $EV$ :(A\Rightarrow B)&A\rightarrow B
$EV(f, a)=\tilde{f}(a)$
– “ ” :
$EV(f+g, a)=EV(f, a)+EV(g, a)$
( )
4.2 ( ) $X$ $\mathrm{Y}$ (linear maP) $F$ $|X|$ $|Y|$
:
1. $a\subset X\Rightarrow F(a)\subset Y$
2. $a= \sum_{i\in I}b_{i}\subset X\Rightarrow F(a)=\sum_{1\in I}F(b:)$
$\sum_{i\in I}b_{i}$ $\{b:\}_{1\in I}$





$F$ $X$ $Y$ $F$
$a= \bigcup_{i\in I}^{\uparrow}b_{i}$ $X$ $a$ $\sum\{\{x\}|x\in a\}$
$F(a)= \sum_{x\in a}F(\{x\})$ $b_{i}(i\in I)$ $\sum\{\{x\}|x\in b_{i}\}$
$F(b_{i})= \sum_{x\in b}:F(\{x\})$ $F(a)= \bigcup_{i\in I}F(b_{i})$
$F$ $a\cup b\subset X$ $a\cup b$
3 $a’,$ $a\cap b,$ $b’$
$F(a)=F(a’)+F(a\cap b)$
$F(b)=F(a\cap b)+F(b’)$
$F(a\cup b)=F(a’)+F(a\cap b)+F(b’)$ .
$F(a’)$ $F(b’)$ 2









$f$ – $EV(f, m)$
$f$ –
F:[$\mathrm{N}$ \rightarrow $\cross \mathrm{N}arrow \mathrm{N}$
– (unique call property) : $F(f, m)=n$ $(k, l)\in f$
$F(\{(k, l)\}, 7n)=n$ $(k, l)\in f$ $m$ –
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44 $F:[\mathrm{N}arrow \mathrm{N}]\cross \mathrm{N}arrow \mathrm{N}$ –
$\hat{F}$ : [$\mathrm{N}arrow$ $arrow[\mathrm{N}-arrow$ ( $[\mathrm{N}arrow$ )
$F:[\mathrm{N}arrow$ $\mathrm{x}\mathrm{N}arrow \mathrm{N}$ –
$f$ : $\mathrm{N}arrow \mathrm{N}$ $f= \sum_{i\in I}g_{i}$ $\hat{F}(f)=\bigcup_{i\in I}\hat{F}(g_{i})$
3.1
$i,$ $j\in I$ $(m, n)\in\hat{F}(g_{1})$ $(m, n)\in\hat{F}(g_{j})$
$F(g_{i)}m)=n,$ $F(g_{j}, m)=n$ $F(f, m)=n$ –
$F(\{(k, l)\},m)=n$ $(k, l)\in f$ – $(k, l)$ –
$g_{k}$
$(k\in I)$ $g_{k}’$ $F(g_{k}’, m)=n$
g’=gj
$\hat{F}$ : [$\mathrm{N}arrow$ $arrow[\mathrm{N}arrow$ $F(f, m)=n$
$(m, n)\in\hat{F}(f)$ $f$ : $\mathrm{N}arrow \mathrm{N}$ $\sum\{\{(k, l)\}|(k, l)\in f$
– $(k, l)\in f$ $(m, n)\in\hat{F}(\{(k, l)\})$
– $\blacksquare$
– –
( ) $\text{ }$ –
–
43
33 $A$ $B$ $\mathrm{C}\mathrm{o}\mathrm{h}(A, B)$ “ ”
$A\Rightarrow B$ $A$ $B$ $\mathrm{L}\mathrm{i}\mathrm{n}(A, B)$
‘ ”




(i) $x_{1^{\wedge}X^{X_{2}}}$. $y_{1^{\wedge}Y}.y_{2}$ .
(ii) $x_{1}\neq x_{2}$ $y_{1}\neq y_{2}$ .




1. $F\in Lin(X, \mathrm{Y})$
$Tr(F)=\{(x, y)|y\in F(\{x\})\}$
$X-\circ \mathrm{Y}$
2. $c\subset X-\circ \mathrm{Y}$ $a$ $X$
$\tilde{c}(a)=$ {$y|$ $x\in a$ $(x,$ $y)\in c$}
$\tilde{c}\in Coh(X, Y)$ .
3. $Tr(F)=F,$ $Tr(\tilde{c})=c$ .
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Coh(X, Y) $X\Rightarrow Y$ Coh(X&Z, $Y$ ) $\cong \mathrm{C}\mathrm{o}\mathrm{h}(Z, X\Rightarrow Y)$
Lin(X, $Y$ ) $X-\circ \mathrm{Y}$
$-\circ$
4.7 ( ) $X,$ $\mathrm{Y}$ (tensor product) $X\otimes \mathrm{Y}=(|X\otimes$
$Y|,$ $\wedge.X\otimes Y)$
$\bullet|X\otimes Y|=|X|\mathrm{x}|Y|$ .. $(x_{1}, y_{1})^{\wedge}.$ x@Y $(x_{2}, y_{2})\Leftrightarrow x_{1\vee x’}\wedge x_{2}$ $y_{1\vee Y}\wedge y_{2}$
:




$X\Rightarrow Y$ $X-\circ Y$
$X\Rightarrow \mathrm{Y}$ $X-\circ Y$ “ ”
4.8 ( ) $X$ $=$ $(|X|, \wedge.x)$ $!X$ $=$
$(|!X|, \wedge\vee!x)$
$\bullet$ $|!X|=FClique(X)$ (X )
$\bullet a^{\wedge}.|xb\Leftrightarrow a\cup b\subset X$










$x-y\Leftrightarrow x^{\wedge}.y$ $x\neq y$
$x_{\wedge}y\Leftrightarrow x^{\wedge}.y$ $x=y$
$x^{\wedge}.y\Leftrightarrow x$ $y$ $x=y$ $\wedge$. $\wedge$
$\wedge$. $\wedge$ $x_{\wedge}y\Leftrightarrow\urcorner(x-y)$






$x^{\wedge}.x\perp\perp y\Leftrightarrow x_{\wedge X^{\perp}}.y$





2. $x\in|X^{\perp}|=|X|$ $(x$ , $\bullet$ $)$ $\in|X-\circ\perp|$ – – $x,$ $y\in|X|$
$x_{\vee X^{\perp}}^{\wedge}y\Leftrightarrow x_{\wedge X}.y$
$\Leftrightarrow x-xy$
$\Leftrightarrow(x, .)^{\wedge}.x-\circ\perp(y$ , $\bullet$ $)$ .
$\blacksquare$
$\mathrm{T},$ $\perp$ X&Y, $X\otimes Y,$ $!X$ ( 34,
47, 48) $0,1,$ $X\oplus \mathrm{Y},$ $X$ $\mathrm{Y},$ $?X$
412 $X=(|X|, \wedge.x),$ $\mathrm{Y}=(|Y|, \wedge.\gamma)$ $0,1,$ $X\oplus Y,$ $X\eta Y,$ $?X$
$\bullet 0=(\emptyset, \emptyset)$
$\bullet 1=(\{\bullet\}, \{(\bullet, \bullet)\})$
$\bullet$ $X\oplus \mathrm{Y}=(|X|\mathfrak{G}|\mathrm{Y}|, \wedge.X\oplus Y)$ .
$(x, 1)^{\wedge}.x\oplus \mathrm{Y}(x’, 1)\Leftrightarrow x^{\wedge}.xx’$
$(y, 2)^{\wedge}.x\oplus Y(y’, 2)\Leftrightarrow y^{\wedge}.Yy’$
(X, $1$ ) $\wedge.X\oplus Y(y, 2)$
$\bullet$ $X^{2}SY=(|X|\cross|Y|, \wedge.x\eta_{Y})$ .
$(x_{1}, y_{1})-_{X}\eta_{Y}(x_{2}, y_{2})\Leftrightarrow x_{1}-\mathrm{x}x_{2}$ $y_{1^{\bigwedge_{Y}}}y_{2}$
$\bullet$ $?X=(|?X|, \vee?x)\wedge$ $|?X|$ $X$ ( $X^{\perp}$ )
$a$ $?xb\Leftrightarrow a\cup b$ $X$
$X’-?Y$ $n$ $Z=x_{1}\eta\ldots \mathfrak{F}X_{n}$ $|Z|=$
$|X_{1}|\cross\cdots\cross|X_{n}|$ $(x_{1}, \ldots, x_{n})-z(y_{1}, \ldots, y_{n})$ $i$ $x_{1}arrow$ $y_{\dot{*}}$
4.13 $X,$ $Y$
1. $\mathrm{T}^{\perp}=0,$ $\perp^{\perp}=1$
2. (X&Y)\perp $=X^{\perp}\oplus Y^{\perp}$
$3$ . $(X\otimes \mathrm{Y})^{\perp}=X^{\perp}\eta \mathrm{Y}^{\perp}$
$4$ . $(!X)^{\perp}=?X^{\perp}$
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X&Y $X\oplus \mathrm{Y}$ $X$ $Y$ $X\otimes Y$
$X\mathfrak{F}Y$ –
414 $X,$ $\mathrm{Y}$ $X-\circ Y=X^{\perp}\eta Y$ .
$(x_{1}, y_{1})-x-\circ Y(x_{2}, y_{2})$ (i) $(x_{1}, y_{1})^{\wedge}.x-\circ Y(x_{2}, y_{2})$ $(\mathrm{i}\mathrm{i})(x_{1}, y_{1})\neq$
$(x_{2}, y_{2})$ $(x_{1}, y_{1})\sim_{X^{\perp}}\eta_{Y}(x_{2}, y_{2})$ $x_{1}$ $\mathrm{x}\perp x_{2}$
$x_{1\wedge x\perp}x_{2}$ $x_{1^{\wedge}X^{X_{2}}}$.
(i) $y1^{\wedge}.Yy2$ . $y_{1}=y_{2}$ (i) $x_{1}=x_{2}$ (ii)
$y_{1^{\wedge}\mathrm{Y}}y_{2}$
$(x_{1}, y_{1})\sim_{X^{\perp}}\eta_{Y}(x_{2}, y_{2})\Rightarrow(x_{1}, y_{1})-x-\circ Y(x_{2}, y_{2})$ $\blacksquare$
$X$ $Y$ $X^{\perp}arrow \mathrm{Y}$ $Y^{\perp}-\circ X$ X$Y










$F$ : $[\mathrm{N}arrow \mathrm{N}]\otimes[\mathrm{N}arrow$ $\otimes \mathrm{N}$ $arrow$ $\mathrm{N}$
$F’$ : [$\mathrm{N}arrow$ $\otimes \mathrm{N}arrow \mathrm{N}$ $F’(f, m)=F(f, f, m)$ $F’$
$F’(f, m)=n$ $F(f, f, m)=n$ $F$ –
$(k_{1}, l_{1}),$ $(k_{2}, l_{2})\in f$ $F(\{(k_{1}, l_{1})\}, \{(k_{2}, l_{2})\}, m)=n$
$a=\{(k_{1}, l_{1}), (k_{2}, l_{2})\}$ $F’(a, m)=n$
F‘
Weakening Weakening
$F:\mathrm{N}arrow \mathrm{N}$ $F’$ : [$\mathrm{N}arrow$ $\otimes \mathrm{N}arrow \mathrm{N}$ $F’(f, m)=F(m)$
$F’$ $F^{j}(f, m)=n$ $g$
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$F’(g, ?n)=n$ $\emptyset$ $F’(\emptyset, m)=n$
Contraction Weakening
$X-\circ X\otimes X$ , $X-\triangleleft 1$
–
$X-\triangleleft X\ X$ , $X-\circ \mathrm{T}$
(1 $\mathrm{T}$ $\otimes$ & )
$F:([\mathrm{N}arrow \mathrm{N}]\ [\mathrm{N}arrow \mathrm{N}])\otimes \mathrm{N}arrow \mathrm{N}$
$F’$ : [$\mathrm{N}arrow$ $\otimes \mathrm{N}arrow \mathrm{N}$ $F’(f, m)=F(\langle f, f\rangle, m)$ $F’$
$F(\langle f,g\rangle, m)=n$
– $F(\{v\}, m)=n$ $v\in\langle f,g\rangle$ – $v$
$(v_{1},1)(v_{1}\in f)$ $(v_{2},2)(v_{2}\in g)$ F




4.15 ( ) !X\otimes !Y\cong !(X&Y), $1\cong!\mathrm{T}$
$(a, b)\in|!X\otimes!Y|$ ( $a$ $X,$ $b$ $Y$ ) $\langle a, b\rangle\in|!(X\ Y)|$
$c\in|!(X\ \mathrm{Y})|$ ($c\subset X\ Y$ )
$(p_{1}(c),p_{2}(c))\in|!X\otimes!\mathrm{Y}|$
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$(a_{1}, b_{1}),$ $(a_{2}, b_{2})\in|!X\otimes!\mathrm{Y}$
$(a_{1}, b_{1})^{\wedge}.!x\otimes!Y(a_{2}, b_{2})\Leftrightarrow a_{1^{\wedge}!x}.a_{2}$ $b_{1^{\wedge}!\mathrm{Y}}.b_{2}$
$\Leftrightarrow a_{1}\cup a_{2}\subset X$ $b_{1}\cup b_{2}\subset Y$
$\Leftrightarrow\langle$$a_{1}\cup a_{2},$ $b_{1}\cup$ \rangle \subset X&Y
$\Leftrightarrow\langle a_{1}, b_{1}\rangle\cup\langle a_{2}, b_{2}\rangle$ X&Y
$\Leftrightarrow(a_{1},$ $b_{1}\rangle\wedge.\langle!(\mathrm{x}\ Y)a_{2}, b_{2}\rangle$ .







$a\in!X$ Cont$(a)=(a, a)$ Cont
$a\in!X$ Weak$(a)=\{\cdot\}$ Weak
( $\bullet\in \mathrm{V}Veak(\{a\})$ $a$ $\emptyset\in|!X|$ )
5 –
5.1
( “ ” )
( “ ” ) “ ”
!( ) ,. ? ( )
5.1 ( )
1. $\alpha,$ $\alpha^{1},$ $\beta,$ $\beta^{\perp},$ $\ldots$
2. $A,$ $B$
$\bullet$ / :




52( , ) $A$ $\mathrm{A}^{\perp}$
$(\alpha)^{\perp}\equiv\alpha^{\perp}$ $(\alpha^{\perp})^{\perp}\equiv\alpha$
$(A\otimes B)^{\perp}\equiv A^{\perp}$ $B^{\perp}$ $(A\eta B)^{\perp}\equiv A^{\perp}\otimes B^{\perp}$
$1^{\perp}\equiv\perp$ $\perp^{\perp}\equiv 1$
(A&B)\perp A\perp \oplus B\perp (A\oplus B)\perp A\perp &B\perp
$\mathrm{T}^{\perp}\equiv 0$ $0^{\perp}\equiv \mathrm{T}$
$(!A)^{\perp}\equiv?A^{\perp}$ $(?A)^{\perp}\equiv!A^{\perp}$
$A-\circ B\equiv A^{\perp}\eta B$, Ao B (A\rightarrow B)&(B\rightarrow A)
–
(polarity) :
$\bullet$ (positive) : $\otimes,$ $\oplus,$ $1,0$
$\bullet$ (negative) :&, $\eta,$ $\mathrm{T},$ $\perp$
(invertible) –
(focalization property) [4]














(sequent) $\vdash\Gamma$ $\Gamma$ (multiset, –
)








$\frac{\vdash\Gamma,\mathrm{z}4\vdash\Delta,B}{\vdash\Gamma,\triangle,A\otimes B}\otimes$ $\frac{\vdash\Gamma,A,B}{\vdash\Gamma,d4\eta B}\eta$ $\frac{\vdash r}{\vdash r,\perp}\perp$
$\overline{\vdash 1}1$
$\frac{\vdash\Gamma,A\vdash\Gamma,B}{\vdash\Gamma,A\ B}\$ $\frac{\vdash\Gamma,A}{\vdash\Gamma,A\oplus B}\oplus 1$ $\frac{\vdash\Gamma,B}{\vdash\Gamma,A\oplus B}\oplus 2$
$\overline{\vdash\Gamma,\mathrm{T}}\mathrm{T}$
$\frac{\vdash\Gamma,A}{\vdash\Gamma,?A}?D$ $\frac{\vdash\Gamma,?A,?A}{\vdash\Gamma,?A}?C$ $\frac{\vdash\Gamma}{\vdash\Gamma,?A}?W$ $\frac{\vdash?\Gamma,A}{\vdash?\Gamma,!A}$ $1$
1
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$\bullet$ : $A\otimes B\circ-\circ B\otimes A$, $A\oplus B\triangleright\infty B\oplus A$ .
$\bullet$ : $(A\otimes B)\otimes C\circ-\circ A\otimes(B\otimes C)$ , $(A\oplus B)\oplus C\circ-\circ A\oplus(B\oplus C)$ .
$\bullet$ : $1\otimes A$or $A$, $0\oplus A\circ-\circ A$ .
$\bullet$ : $A\otimes(B\oplus C)\circ-\circ(A\otimes B)\oplus(A\otimes C)$ , $A\otimes 0\circ-\circ 0$ .
$\bullet$ : $(A\otimes Barrow C)\circ-\circ(A-\circ(Barrow C))$ .
$\bullet$ :!A\otimes !B\sim !(A&B), 10-0 $!\mathrm{T}$ .
$\frac{\frac\frac{\overline{\vdash?B^{\perp},B\vdash B^{\perp},B}}{\perp\vdash?A^{\perp},?B^{\perp},BA\ B}\vdash?A^{\perp},?B^{\perp},A\overline{\vdash?A^{\perp},A\vdash A^{\perp},A}}{\vdash?A^{\perp},?B}$





$\vdash(?A^{\perp}\eta?B^{\perp})\eta!(A\ , B)$ $\overline{\vdash?(A^{\perp}\oplus B^{\perp})\eta!A\otimes!B}$















1. $\alpha$ $\alpha^{*}$ $($ . $)^{*}$
$(\alpha^{\perp})^{*}=(\alpha^{*})^{\perp},$ $(A\otimes B)^{*}=A^{*}\otimes B^{*}$
$\mathrm{r}\equiv_{d4_{1},\ldots,\mathrm{z}4_{n}}$
$\Gamma^{*}\equiv A_{1}^{*}\eta\ldots$ $ $A_{n}^{*}$








$\pi^{*}=$ { $(\overline{z},\overline{w})|$ $x\in|A|$ $(\overline{z},$ $x)\in\pi_{1}^{*},$ $(\overline{w},$ $x)\in\pi_{2}^{*}$ }.
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(c) \mbox{\boldmath $\pi$} :: $\pi_{1}$ :: $\pi_{2}$
$\frac{\vdash\Gamma,A\vdash\triangle,B}{\vdash\Gamma,\triangle,A\otimes B}\otimes$
$\pi^{*}=\{(\overline{z}, \overline{w}, (x, y))|(\overline{z}, x)\in\pi_{1}^{*}, (\overline{w}, y)\in\pi_{2}^{*}\}$
(d) \mbox{\boldmath $\pi$} :: $\pi_{1}$
$\frac{\vdash\Gamma,.A,B}{\vdash r,4\eta B}\eta$








(g) \mbox{\boldmath $\pi$} :: $\pi_{1}$ $||\pi_{2}$
$\frac{\vdash\Gamma,A\vdash\Gamma,B}{\vdash r,A\ B}$ &
$\pi^{*}=\{(\overline{z}, (x, 1))|(\overline{z}, x)\in\pi_{1}^{*}\}\cup\{(\overline{z}, (y, 2))|(\overline{z}, y)\in\pi_{2}^{*}\}$
(h) \mbox{\boldmath $\pi$} :: $\pi_{1}$
$\frac{\vdash\Gamma,A}{\vdash\Gamma,A\oplus B}\oplus 1$




(j) \mbox{\boldmath $\pi$} :: $\pi_{1}$
$\frac{\vdash\Gamma,A}{\vdash\Gamma,?A}?D$
$\pi^{*}=\{(\overline{z}, \{x\})|(\overline{z}, x)\in\pi_{1}^{*}\}$ .
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(j) \mbox{\boldmath $\pi$} :: $\pi_{1}$
$\frac{\vdash\Gamma,?A?A)}{\vdash\Gamma,?A}?C$









$\pi^{*}$ $\Leftrightarrow$ $m$ $\geq$ $0$ , $(a_{1}^{1}, \ldots, a_{n}^{1}, x^{1})$ , . . . ,
$(a_{1}^{m}, \ldots, a_{n}^{m}, x^{m})\in\pi_{1}$
$c=( \bigcup_{j}a_{j}^{1}, \ldots, \bigcup_{j}a_{j}^{m}, \{x_{1}, \ldots,x_{m}\})$
.













$\frac{\overline\vdash A^{\perp},A\vdash A^{\perp},\Delta}{\vdash A^{\perp},\Delta}$ $arrow$ $\vdash A^{\perp},\Delta::\rho$
(b)
$||\pi_{1}$ :: $\pi_{2}$ :: $\rho$ :: $\pi_{2}$ :: $\rho$





$\frac{\vdash A^{\perp},\triangle::\rho}{\vdash A^{\perp}\oplus B^{\perp},\Delta}$
$arrow$
$\vdash \mathrm{r}_{1}^{:},A:\pi_{1}$ $\vdash A^{\perp},\Delta||\rho$
$\overline{\vdash\Gamma,\Delta}$ $\overline{\vdash\Gamma,\Delta}$
$\underline{\vdash\Delta::\rho}$





























5.7 (– ) $-$ $t_{1)}t_{2},$ $\ldots$
$\bullet$
$P$ $n$ $p(t_{1}, \ldots, t_{n})$ $p^{\perp}(t_{1}, \ldots, t_{n})$
$\bullet$ $A(x)$ $\forall X_{\wedge}.4(x),$ $\exists x.A(x)$
:
$(\forall x.A(x\cdot))^{\perp}\equiv\exists x.A^{\perp}(x)$ $(\exists x.A(x))^{\perp}\equiv\forall x.A^{\perp}(x)$
:
$\frac{\vdash\Gamma,A(x)}{\vdash\Gamma,\forall x.A(x)}\forall$ $\frac{\vdash\Gamma,A(t)}{\vdash\Gamma,\exists x.A(x)}\exists$
$\forall$
$x$ $\Gamma$
58( ) $A(x)$ $\exists xA(x)$
$t$ $A(t)$
$\vdash\exists xA(x)$ $\text{ }$ $\text{ }$
Contraction Weakening ?
$\exists$ $t$ $\vdash A(t)$





$\vdash?\exists xA(x)$ $\pi$ $\pi$ $?\exists xA(x)$
$\pi$ $S$
$\bullet$ $S$ $\vdash?\exists x\vec{\wedge 4}(x),$ $\exists x\vec{A}(x),$ $\Gamma$ $\mathrm{I}^{\gamma}$ $?\exists xA(x)$ $\exists x_{\mathit{1}}4(x)$
$\triangle,$ $\Pi$ $\vdash?\triangle,$ $\Pi,$ $r$ $\Delta$























$(A\Rightarrow B)^{\mathrm{o}}\equiv!A^{\text{ }}arrow B^{\mathrm{o}}$ $(A\Rightarrow B)\equiv!(A^{\cdot}arrow B)$
$(\neg A)^{\text{ }}\equiv!A^{\text{ }}arrow 0$ $(\neg A)\equiv!(A^{\cdot}arrow 0)$
$(A\wedge B)^{\text{ }}\equiv A^{\text{ }}\ B^{\mathrm{o}}$ $(A\wedge B)\equiv A^{\cdot}\otimes B^{\cdot}$
$(A\vee B)^{\mathrm{o}}\equiv!A^{\text{ }}\oplus!B^{\mathrm{O}}$ $(A\vee B)\equiv A^{\cdot}\oplus B$
$(\forall x.\wedge 4)^{\text{ }}\equiv\forall x.A^{\text{ }}$ $(\forall x.A)\equiv!\forall x.A^{\cdot}$
$(\exists x.A)^{\text{ }}\equiv\exists x.!A^{\mathrm{o}}$ $(\exists x.A)^{\text{ }}\equiv\exists x.A^{\cdot}$
( ! )
5.11 $A$ $!_{A}4^{\text{ }}\circ-\circ A^{\cdot}$
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$S4$
5.12 ( $S4$ ) S4 $-$
$(p(\overline{t}))^{-}\equiv p(\overline{t})$ $(p^{\perp}(\overline{t}))^{-}\equiv\neg p(\overline{t})$
$(A\otimes B)^{-}\equiv(A\ B)^{-}$ $\equiv_{4}4^{-}\wedge B^{-}$ $($Al $B)^{-}\equiv(A\oplus B)^{-}\equiv A^{-}\vee B^{-}$
$(!A)^{-}\equiv\square A^{-}$ $(?A)^{-}\equiv$ A
$(\forall x.A)^{-}\equiv\forall x.A^{-}$ $(\exists x.A)^{-}\equiv\exists x.A^{-}$
$S4$
513 $\Gamma\vdash A$ 4
1. $\Gamma\vdash A$
2. $!\Gamma^{\text{ }}\vdash A^{\mathrm{o}}$
3. $\Gamma^{\cdot}\vdash A^{\cdot}$
4. $\mathrm{r}\cdot-\vdash(A)^{-}$ S4
$(2\Rightarrow 3)$ 511 $(3\Rightarrow 4)$ $(4\Rightarrow 1)$
$(1\Rightarrow 2)$ $\pi$ $\Gamma\vdash A$
$\pi$




$=!A^{\mathrm{O}}\vdash A^{\mathrm{O}}!\Gamma^{\text{ }}\vdash A^{\mathrm{o}}$
$\frac{A,\Gamma\vdash B}{\Gamma\vdash A\Rightarrow B}$
$\Rightarrow$
$\frac{}!A^{\mathrm{o}},!\Gamma^{\text{ }}\vdash B^{\mathrm{o}}}{!\Gamma^{\text{ }}\vdash!A^{\text{ }}arrow B^{\text{ }}$
$\Rightarrow$
$\frac{!\Gamma^{\text{ }}\vdash!A^{\text{ }}arrow B^{\mathrm{o}}\frac{\frac{!\Gamma^{\mathrm{O}}\vdash A^{\mathrm{o}}}{!\Gamma^{\mathrm{o}}\vdash!A^{\mathrm{o}}}\overline{B^{\text{ }}\vdash B^{\mathrm{o}}}}{!\Gamma^{\mathrm{o}},!A^{\text{ }}arrow B^{\mathrm{o}}\vdash B^{\mathrm{o}}\circ\vdash B^{\mathrm{o}}}}{!\Gamma^{\mathrm{O}},!\Gamma}$
$\frac{\Gamma\vdash A\Rightarrow B\Gamma\vdash A}{r\vdash B}$
$=!\Gamma^{\mathrm{o}}\vdash B^{\mathrm{o}}$
$!r^{0}\vdash A^{\text{ }}$




$\frac{}!A^{\mathrm{o}},!\Gamma^{\text{ }}\vdash C^{\text{ }}!B^{\mathrm{Q}},!\Gamma^{\text{ }}\vdash C^{\text{ }}{!A^{\mathrm{o}}\oplus!B^{\mathrm{o}},!\Gamma^{\mathrm{o}}\vdash C^{\text{ }}}$
$\frac{r\vdash A\vee B\Gamma\vdash A\Gamma\vdash B}{\Gamma\vdash C}$
$=!\Gamma^{\mathrm{O}}\vdash C^{\mathrm{o}}$
$\Rightarrow$
$\overline{!\Gamma^{\mathrm{o}},!\Gamma^{\text{ }}\vdash C^{\text{ }}}$
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5.15 ( ) $+$
$p(t\gamma+\equiv?!p(\overline{t})$ $(\neg A)^{+}\equiv?(A^{+\perp})$
$(A\vee B)^{+}\equiv A^{+}\eta B^{+}$ $(\forall x.A)^{+}\equiv?!\forall x.A^{+}$







(phaee spaces) : $(\mathrm{T}=0)$
$[13, 17]$






$A_{1}$ . . . $A_{n}$
$B:$:
–
$A_{1}$ .. . $A_{n}$
:.







(geometry of interaction) :
“ – ”
[15, 14, 8] “ ” [34]
: $X$






$X$ $\pi_{1},$ $\pi_{2}$ $\pi_{1}$ $\pi_{2}$ ?
“ ”
[28]
(logics of polynomial time) : (light linear










Girard $LC[16]_{\text{ }}$ O. Laurent
(polarized linear logic, [26]) $\lambda\mu$
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(control categories) $\circ$
(game semantics) $[2, 1]$ (ludics) $[12]_{\text{ }}$
$\lambda$ (differential lambda calculus)[10]
–
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